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Abstract 
The paper presents the theoretical analysis for active reducing resonant vibration in cable-stayed footbridges. The method relies 
on changing the static tension in chosen cables. The tension changes cause a change in those natural frequencies that are close to 
the excitation frequency. The paper also seeks to establish which combinations of tensions in cables lead to the fastest change in 
the values of a chosen natural frequency. For this purpose eigenproblem sensitivity analysis, formulated for the structure 
according to the second order theory were used. The effectiveness of the method was tested using an FEM model of a footbridge. 
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In the last three decades, a small number of papers have been published that analyze, theoretically and 
experimentally, the methods of active vibration reduction in cable-stayed bridges. The method of active vibration 
reduction relies on additional forces or vibrations which are automatically generated, in real time, in a given point of 
the structure [1]. Examples of references on the subject of active vibration reduction bridges that are worth a 
mention here, among others: Warnitchai, Fujino et al. [2], Fujino and Susumpow [3], Susumpow and Fujino [4], 
Preumont and Achkire [5], Achkire [6], Schemmann and Smith [7, 8], Magaña and Rodellar [9], Bossens and 
Preumont [10], Rodellar and Monroy [11]. It must be highlighted that the suggested solutions described above have 
not yet been implemented in real bridge structures. However, the large number of analytical solutions and 
experimental studies presented by various authors implies that the application of active methods for reducing 
vibration in real cable supported bridges will not be long in coming. 
The paper [12] presents the authors’ own method of actively reducing resonant vibration of cables in cable-stayed 
footbridges. The method relies on changing the static tension in chosen cables. The term “active” refers to the fact 
that the tension changes would only be introduced when resonant vibration with amplitudes of a magnitude 
dangerous to the structure occurred. A change in the cable tensions should cause a change of the natural frequencies 
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for which resonant vibration amplification occurred. As a consequence of these changes, the resonant state would 
become detuned and the forced vibration amplitudes would then reduce significantly. The effectiveness of the 
method was earlier tested on a laboratory model of a steel footbridge [12]. The practical effectiveness of this method 
is provided by the results of analyses and tests, which show that practically it is enough to change tension in some 
selected cables to obtain a significant effect of reducing vibration in all the cables. The choice of the cables is not 
incidental and is based on the previously performed theoretical analysis of the eigenproblem sensitivity with respect 
to the design parameter p, which is the tension in cable. 
The paper presents the theoretical (numerical) analysis of the possibilities of using the authors’ own method of 
actively reducing resonant vibration of the cables in the model of a real structure – a cable-stayed steel footbridge in 
LeĞnica, a quarter of the city Wrocáaw in Poland. The main aim of the analysis was to examine the possibility of 
actively reducing forced resonant vibration in the cables themselves by the tension changes in cables. In fig. 1 the 
view of the numerical model of the footbridge is shown. The footbridge was designed as a two-spans and one pylon 
system. The length of each span is 34.0 m. 
 
Fig. 1. (a) The geometry of the system; (b) 3D-FEM Model - Cosmos/M. 
The deck structure consists of two tubes I 323.9/12.5 axial spacing 3.00 m connected by cross beams as I-beams 
HEB140 spacing 2.00 m. On the cross members lie stringers HEB100 with axial spacing from 400 to 500 mm 
covered with 12 mm thick metal sheet. For numerical modelling stiffness of the main girders equal Ix = 90000 cm4 
was assumed (take into account the elements handrail). The height of the steel pipe pylon is 12.80 m. The pylon is 
attached to a reinforced concrete pillar rigidly using steel anchors. The contacts assembly and all other connections 
are made as welded. A total of 24 cables are made of 2T15 (2×7I5 mm) ropes produced by Freyssinet Company. 
Passive anchorage of the cables were placed in the pylon, whereas active ones are located in the deck. Nci is the 
static tension in the ith cable with respect to the pre-tension of the cable and the deadweight of the whole structure. 
Ncr = 530 kN is the Minimum Breaking Load of cable. The deck is supported by fixed bearings on a pillar and by 
one-and two-way sliding bearings on abutments. Additionally, steel wishbones are used on all supports. Material 
and geometry data was assumed according to paper [12]. Numerical analyses were done with the help of a standard 
computer FEM software - Cosmos/M System. Beam elements and shell elements were used for modelling three-
dimensional structures. 
2. Eigenproblem sensitivity analysis 
Numerical solution of the proposed active vibration reduction is based on the nonlinear matrix equation of 
motion (1) of the three-dimensional computational model of the cable-stayed footbridge. The matrix equation of 
motion of a 3D computer model of the structure has been created with the help of standard computer software 
leaning on FEM Cosmos/M System. 
E G( ) ( ).t    Bq Cq K K q F     (1) 
Symbol q is a Lagrange generalized coordinates vector, B is a mass matrix, C is a damping matrix, KE and KG 
are elasticity and geometrical matrices of stiffness of the system, whereas F(t) is a vector  of exciting forces. This 
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paper focuses on the deliberate forcing vibration, i.e. the excitation of vibrations by squats people. Synchronization 
of persons performing squats leads to adjusting the frequency of the excitation to the natural frequency (resonance), 
what causes excessive vibration excitation. 
In order to establish how to steer the cable tension in a way that will ensure the most efficient resonant vibration 
elimination, the problem of eigenproblem sensitivity analysis with respect to change of the cable tension in cable 
stayed footbridges is considered. The sensitivity of solutions of differential equation is a calculation derivative of the 
solution with respect to the design parameter p, upon which the solution of equation depends (here p is a cable 
tension). Initial equation is the equation of motion of the system without the damping and the exciting forces 
E G( ) .   Bq K K q 0    (2) 
For a given tension in cable Ni the geometrical stiffness matrix is given by the relationship KG = Ni·KNi where 
KNi= is the matrix of geometrical stiffness that corresponds to the isolated value of tension force in cable. The first 
order logarithmic sensitivity function of the natural frequency Zi with respect to parameter Ni, which is the value of 
tension force in the ith cable, is then given by formula (3) 
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Symbol Til marks the transformed left eigenvector, which corresponds to the right vector iw , which fulfills the 
condition 1T   ii wl . Comparison of values of logarithmic sensitivity function si is shown in Table 1.  
Table 1. Comparison of values of logarithmic sensitivity function si 
Frequency fi [Hz] Description of eigenform N1 N2 N3 N4 N5 N6 
f1c 2,4112 Cables no. 1: 1-st bending in XZ plane 0.49734 -0.05897 -0.04477 -0.03125 -0.01488 -0.00376 
f2c 2,6982 Cables no. 2: 1-st bending in XZ plane -0.06600 0.49677 -0.08696 -0.06601 -0.03383 -0.00895 
f3c 2,9782 Cables no. 3: 1-st bending in XZ plane -0.07134 -0.11984 0.49591 -0.12773 -0.07629 -0.02506 
f4c 3,6338 Cables no. 4: 1-st bending in XZ plane -0.05105 -0.09457 -0.12845 0.49358 -0.13213 -0.05595 
f5c 4,3854 Cables no. 5: 1-st bending in XZ plane -0.02919 -0.06155 -0.09860 -0.16282 0.48743 -0.12214 
f6c 4,9434 Cables no. 6: 1-st bending in XZ plane -0.01050 -0.02943 -0.06116 -0.13095 -0.21982 0.48233 
f1 1,7499 Platform: 1-st bending, anti-symmetric -0.00073 0.00017 0.00024 0.00001 -0.00005 -0.00002 
f2 2,8374 Platform: 1-st bending, symmetric -0.01155 0.05303 0.03342 -0.01988 -0.01159 -0.00354 
f3 2,8854 Pylon: 1-st bending -0.03973 -0.01047 0.02801 -0.08179 -0.04989 -0.01625 
f4 6,2393 Platform:  1-st torsional -0.00780 -0.00802 0.05495 -0.01187 -0.00989 -0.00361 
 
The information gained from the sensitivity analysis may be used to calculate how to steer the cable static tension 
in a way that will ensure the most efficient resonant vibration elimination. In Table 1, the red colour is used to mark 
the coefficients of a logarithmic sensitivity function that indicate the most effective changes in the frequency of all 
tendons, while minimizing the number of cables, which should be direct change the tension. Choice of two pairs of 
cables Nos. 1 and 4 provide an effective change in the natural frequency of all six pairs of cables, i.e. change of the 
static tension in cables no. 1 will ensure the most efficient natural frequency changes in cables No. 1 and No. 2, 
whereas change of the static tension in cables No. 4 will ensure the most efficient natural frequency changes in 
cables No. 3, 4, 5 and No. 6. The effectiveness of the method was numerically tested on the excitation of resonant 
vibration of cables and selected results of these analyses are presented in the next section. 
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3. Examples of resonant vibration reduction of cables 
3.1. The first example – active resonant vibration reduction of cables No. 1 by changing tension in cables No. 1. 
In the first example, the influence of active steering of tension in cable No. 1 on the amplitude of the vibrations of 
all the cables was examined. The aim of the task was to reduce the resonant vibration caused by harmonic forcing 
F1(t) with frequency f1c = 2.4112 Hz. This frequency corresponds to the first in-plane natural modes of vibrations of 
cables No. 1. In fig. 2 the amplitudes of the vibrations of all cables are shown. The amplitudes of the vibrations were 
measured at the same time. In fig. 1 the red colour marks the influence of active steering of tension in cable 1 on the 
vertical amplitude of vibration qz(t) in millimetres, while the  blue colour shows vibrations without active control. 
Changing the tension in cables No. 1 was started at 4 seconds and was complete after 4 seconds. The initial static 
effort in cables 1 i.e. Nc1/Ncr was about 8.92% and after the change it was about 13.04%. A reduction of the resonant 
vibration in cable 1 by about 96% was obtained – fig. 2a. Moreover, there were no significant changes in the 
vibration in other cables – fig. 2b-f. 
 
 
Fig. 2. Vertical displacements qz(t)[mm] for: (a) cables no. 1; (b) cables no.2; (c) cables no.3; (d) cables no.4; (e) cables no.5; (f) cables no.6.  
3.2. The second example – active resonant vibration reduction of cables No. 2 by changing tension in cables No. 2. 
In the second example the aim of the task was to reduce the resonant vibration caused by harmonic forcing F1(t) 
with frequency f2c = 2.6982 Hz. This frequency corresponds to the first in-plane natural modes of vibrations of 
cables No. 2. Figure 3 shows the corresponding timing diagram of this analysis. Changing the tension in cables No. 
1 was started at 4 seconds and was complete after 4 seconds. The initial static effort in cables 1 i.e. Nc1/Ncr was about 
8.92% and after the change it was about 13.04%. A reduction of the resonant vibration in cable 2 by about 94% was 
obtained – fig. 3b. Moreover, a reduction of vibrations in cable No. 3 was obtained – fig. 3c. A slight increase in the 
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amplitudes of vibration in the cables No. 1 occurred – fig. 3a. Moreover, no significant changes in vibration in other 
cables was observed – fig. 3 d-f 
 
Fig. 3. Vertical displacements qz(t) [mm] for: (a) cables no. 1; (b) cables no. 2; (c) cables no. 3; (d) cables no. 4; (e) cables no. 5; (f) cables no. 6. 
3.3. The third example – active resonant vibration reduction of cables No. 6 by changing tension in cables No. 4. 
In the third example the influence of active steering of tension in cable No.4 on the amplitude of the vibrations of 
all the cables was examined. The aim of the task was to reduce the resonant vibration caused by harmonic forcing 
F2(t) with frequency f6c = 4.9434 Hz. This frequency corresponds to the first in-plane natural modes of vibrations of 
cables No. 6. In Fig. 4 the corresponding timing diagram of this analysis is shown. Changing the tension in cables 
No. 4 was started at 4 seconds and was complete after 4 seconds. The initial static effort in cables 4 i.e. Nc4/Ncr was 
about 7.72% and after the change it was about 11.0%. A reduction of the resonant vibration in cable 6 by about 72% 
was obtained – fig. 4f. Moreover, no significant changes in the vibration in other cables was observed – fig. 4 a-e. 
4. Summary and conclusions 
In this paper, the theoretical (numeric) analysis of the possibilities of using the authors’ own method of actively 
reducing forced resonant vibration of the cables in the cable-stayed steel footbridge by tension changes in cables 
was presented. It was shown that changing tension in selected cables leads to a decrease of excessive resonant 
oscillations only in the cable where resonant vibrations occurred. At the same time, there was no excitation of 
excessive vibration in all the other cables. It must be emphasized that after the change of static tensions in the 
cables, the stresses in the cables are much smaller than the permissible stresses i.e. 13.04% < Vperm. Permissible 
stress Vperm in the cables in the cable-stayed bridge should be in range 30% to 40% characteristic resistance fyk= of 
cables when the useful load is taken into account. 
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Fig. 4. Vertical displacements qz(t) [mm] for: (a) cables no. 1; (b) cables no. 2; (c) cables no. 3; (d) cables no. 4; (e) cables no. 5; (f) cables no. 6. 
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